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Abstract. The propagation properties of the Pearcey Gaussian beam based on the fractional Schrödinger
equation with linear potential are investigated numerically. It was found that the Pearcey Gaussian beam
produces a self-inversion phenomenon due to the effect of the Lévy index from 1 to 2, which is in the
absence of the linear potential. The linear potential has a great impact on the transmission path of the
Pearcey Gaussian beam from a straight line turn to a zigzag path, and the oscillation period is inversely
proportional to the linear potential. Meanwhile, the symbol of the linear potential parameter controls the
direction of the incident beam. Moreover, the chirp affects the Pearcey Gaussian beam with an uneven
intensity distribution during transmission. These features confirm the promising applications of the Pearcey
Gaussian beam in optical manipulation and optical switch.

1 Introduction

In recent years, special light beams exhibit vari-
ous unique transmission properties in different media,
which have attracted the attention of more and more
researchers. The Airy beam, as representative of the
diffraction-free beams, has self-accelerating and self-
healing properties [1]. After this, they continued to
study other diffraction-free beams, such as asymmet-
ric Laguerre–Gaussian [2] and the controllable poly-
gon beams [3]. Unlike these beams, the Pearcey beam
is the one describing the focal diffraction of a cusp
caustic. At the same time, the Pearcey beam exhibits
remarkable transmission characteristics such as form-
invariance, self-focusing, and self-healing. Due to its
special transmission properties, the Pearcey Gaussian
beam has attracted an increasing number of researchers
to explore its potential for various applications. In 1946,
Pearcey used analytical derivation and numerical calcu-
lation to research the field structure near the focusing
line of cylindrical electromagnetic waves [4] and pushed
out the Pearcey beam formula early. In 2012, J.D.
Ring applied the Pearcey beam to optics and derived
it as form-invariant theoretically and experimentally
[5]. In 2015, A.A. Kovalev obtained a new solution
of the Schrödinger-type equation which was demon-
strated by using the linear combination of two half-
Pearcey beams with arbitrary weights, and other form-
invariant laser beams can be obtained which are neither
full Pearcey beams nor half-Pearcey beams [6]. In 2016,
the existence of so-called face-to-face symmetric dual
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Pearcey beams based on Fresnel diffraction of bright
elliptic rings was theoretically proposed and experi-
mentally demonstrated [7]. In 2019, Zang et al. for a
one-dimensional Pearcey beam showed that the one-
dimensional finite-energy Pearcey beam can be decom-
posed into two Airy-like beams with opposite accelera-
tion directions, and this acceleration leads to a double
self-acceleration behavior of the Pearcey beam, which is
of great significance for subsequent experimental stud-
ies [8]. Hereafter, a large number of researchers began
to invest in the study of the Pearcey beam. A vari-
ety of beams derived from the Pearcey integral include
symmetric Pearcey Gaussian beam [9], symmetric odd-
Pearcey Gaussian beams [10], circular Pearcey beams
[11], and elliptical Pearcey beam [12] which have been
intensively investigated as well. What is more, there
has been a new upsurge in the research on the trans-
mission characteristics and dynamics of Pearcey beams
in various potential and mediums, containing harmonic
potential [13], parabolic refractive index medium [14,
15], and parabolic potential [16].

A growing chorus of investigations are based on the
models of the fractional Schrödinger equation (FSE),
and the beam dynamics and manipulations have been
investigated extensively. The FSE was derived by
Laskin in 2002 [17], which is a generalization of the
standard Schrödinger equation by extending the Brow-
nian motion to the Lévy process, and this model can be
used to describe fractional field theory and the behavior
of fractional spin particles. In 2015, Longhi proposed an
optical experiment scheme and introduced the FSE into
the field of optics [18], and then this research stimulates
interest to investigate the beam propagation in the FSE
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optical system. In 2016, Wu et al. studied the existence
of a soliton-type solution for the fractional Schrödinger
equation and proved that the equation has a soliton
solution by using a constrained minimization argument
[19]. And then, various beams have been studied in
FSE theoretical models, such as Gaussian [20] and Airy
beam [21], even different media, such as PT-symmetry
[22] and linear potential [23]. We have also discussed
the input beam that does not carry sidelobes in the
linear potential in another study [24]. The input beam
studied in this paper can adjust the sidelobe position
of the Pearcey Gaussian beam during transmission by
setting corresponding parameter values, as [25]. Due to
the linear potential, the transmission trajectory of both
different forms of Pearcey Gaussian beams will turn into
a zigzagging shape. However, without considering the
linear potential, the Pearcey Gaussian beam with the
sidelobe discussed in this paper has the phenomenon of
self-reversal due to the different velocity directions of
the sidelobe and main lobe.

2 Theoretical model

In the paraxial approximation, the Pearcey Gaussian
beam propagates in the optical system modeled by the
FSE with linear potential and is given by:

i
∂ϕ(x, z)

∂z
=

1
2

(
− ∂2

∂x2

)α/2
ϕ(x, z) + V (x)ϕ(x, z)

(1)

where ϕ(x, z) is the light field envelope, x and z are
the dimensionless transverse coordinate and propaga-
tion distance, respectively. And the α is the Lévy index,
when α = 2 Eq. (1) will become a standard Schrödinger
equation. V (x) = βx is the linear potential. The Fourier
transform of Eq. (1) is expressed as [20]:

i
∂ϕ̂(k, z)

∂z
=
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|k|αϕ̂(k, z) + iβ

∂ϕ̂(k, z)
∂k
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where k is the spatial frequency and the ϕ̂(k, z) =∫ +∞
−∞ ϕ(x, z)e−ikxdx is the Fourier transform of ϕ(x, z).

And when the β = 0, the solution of Eq. (2) can be
written as follows:

φ(x, z) =
1
2π

∫ +∞

−∞
φ0(k) exp

(−iz|k|α
2

)
exp(ikx)dk

(3)

The general solution of Eq. (1) with the β �= 0 can
be given by [22]:

ϕ(x, z) =
1
2π

∫ +∞

−∞
ϕ0(k + βz)

Fig. 1 Initial input beam carries sidelobes, a = 1 and
b = −1

exp
(

i
k|k|α−(k + zβ)|k + βz|α

2β(1 + α)

)
exp(ikx)dk

(4)

where ϕ̂0(k) is the Fourier spectrum of the input beam.
Here, the input is chosen as chirp Pearcey Gaussian

beam:

ϕ(x, 0) = Pe(x) exp(−χ2
0x

2) exp(iCx2) (5)

where C is the chirp parameter, χ0 is the distribution
factor related to the width of the Gaussian function.
Like the Airy beam, the Pearcey beam also has infi-
nite energy and can be produced finite by modulating
the Pearcey function with the Gaussian function, which
does not significantly change the beam’s properties.

The Pearcey function expression is defined as:

Pe(x) =
∫ +∞

−∞
exp[i(as4 + s2x/b)]ds (6)

where a is the coefficient of integral term, and b rep-
resents an arbitrary scale factor. Parameters a and b
affect the section and phase of the Pearcey function;
when the symbols a and b are changed, the profile of
the Pearcey function will reverse [23]. In the following,
we fixed the a = 1, b = −1. For this paper, the input
beam is shown in Fig. 1.

3 Discussion and results

3.1 The case of C = 0

Based on the FSE, the propagation evolution of the
Pearcey Gaussian beam with different parameters was
obtained by numerical simulation when chirp was not
considered.
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Fig. 2 Propagation evolution of Pearcey Gaussian beam in free space (a) and linear potential (b, c). The linear potential
parameters: a β = 0, b β = 3, c β = 5. And Lévy indexes from left to right are 1, 1.4, 1.8, and 2

Figure 2 investigates the effect of the Lévy index on
the transmission characteristics of the Pearcey Gaus-
sian beam for different linear potential coefficients. As
shown in Fig. 2a1–a4 without linear potential, as the
Lévy index increases, the diffraction effect of the beam
increases and the beam energy gradually decreases.
Then, the Pearcey Gaussian beam begins to gradu-
ally reverse as the increase in Lévy index during the
transmission. Due to the linear potential, the Pearcey
Gaussian beam forms a bound, state and the trans-
mission path oscillates periodically along with a zigzag
shape in Fig. 2b1–b4, c1–c4. And from the comparison
of Fig. 2b1–b4 and c1–c4, it is clear that the period
of the Pearcey Gaussian beam decreases for larger val-
ues of the linear potential parameter. In addition, the
amplitude of the transverse oscillation of the Pearcey
Gaussian beam gradually increases with the increase in
the Lévy index, and the enhancement of the diffrac-
tion effect leads to the weakening of the beam energy.
In Fig. 2b4, c4, the energy of the Pearcey Gaussian
beam is weakened, but the transmission period sud-
denly decreases. In summary, the transmission period
of the Pearcey Gaussian beam can be controlled by the
value of the linear potential parameter, and the Lévy
index has a great influence on the energy intensity in

the beam transmission process additionally. According
to the characteristics of the beam in the transmission
process, it has a certain application value in the optical
switch.

The influence of the Lévy index and the linear poten-
tial coefficient on the peak intensity of the Pearcey
Gaussian beam is further discussed in Fig. 3. By
comparing different linear potential parameters (see
Fig. 3a), it can be concluded that the peak intensity
has approximately the same period when the linear
potential coefficients |β| are the same. When the lin-
ear potential parameter is negative, the peak intensity
of the beam during transmission is larger when the
linear potential parameter is positive. This is because
of the fact that the negative linear potential causes
the Pearcey Gaussian beam to gather energy, and the
peak intensity becomes stronger. In addition, with the
same symbol of linear potential parameter, the larger
the linear potential coefficient, the stronger the peak
intensity and the smaller the beam transmission period.
Figure 3b shows that the Lévy index does not affect the
peak intensity oscillation period. With the Lévy index
increasing, the oscillation amplitude of the peak inten-
sity becomes larger and larger. The oscillation ampli-
tude reaches the minimum when α = 1.
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Fig. 3 Peak intensity with the different linear potential parameters β in (a) and Lévy index α in (b). a α = 1, b β = 3

Fig. 4 Propagation evolution of Pearcey Gaussian beam with different linear potential and distribution factors. Lévy index
α = 1, a β = 0, χ0 = 0.01, b β = −3, χ0 = 0.01, c β = −5, χ0 = 0.01, d β = 3, χ0 = 0.01, e β = 3, χ0 = 0.1, f β = 3,
χ0 = 1

The transmission evolution of the Pearcey Gaussian
beam under the influence of different distribution fac-
tors in linear potential is given in Fig. 4. As shown in
Fig. 4 (a-c), the Pearcey Gaussian is accompanied by a
large number of sidelobes during transmission with the
distribution factor χ0 = 0.01. When no linear poten-
tial is available, the beam transmission proceeds along
the straight line in Fig. 4a. Under the influence of the
linear potential, the beam transmission forms a bound
state and starts along with the z-shape transmission in

Fig. 4b, c. The transmission trajectory of the main and
sidelobes of the beam is the same, and the capacity is
mainly concentrated in the main lobe, respectively. In
addition, comparing the evolution results of Fig. 4b, c,
the propagation period of the beam increases with the
decrease in the linear potential parameter |β|. Compar-
ing Fig. 4b, d, it is easy to conclude that when the abso-
lute values of the linear potential parameters are the
same, the propagation period of the beams is the same.
And the linear potential parameter β > 0, the incident
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Fig. 5 Effect of linear potential on the period of the
Pearcey Gaussian beam. T is the transmission period and
is defined as the length of a transmission period

beam is deflected to the left, and vice versa. It can be
seen that the symbol of the linear potential parameter
does not change the propagation period of the beam
but determines the different propagation direction of
the initial beam.

When in Fig. 4d–f, the influence on beam transmis-
sion is investigated by setting different distribution fac-
tors with β = 3. Since the distribution factor deter-
mines the width of the Gaussian function, the number
of sidelobes of the beam can be controlled during the
transmission. Therefore, in Fig. 4e, f, the number of
sidelobes gradually decreases as the distribution factor
increases, and the sidelobe disappears completely when
χ0 = 1.

To further study the influence of linear potential on
the beam transmission period, Fig. 5 visualizes the rela-
tionship between linear potential and beam transport
period which decreases as the linear potential param-
eter increases, and it is consistent with the findings in
Figs. 2 and 4 above. In addition, the curve shows a fast
downward trend in the early stage and a flat trend in
the later stage. Therefore, the period evolution of the
beam can be controlled by changing the linear potential
parameter.

3.2 The case of C �= 0

Herein, we investigate the evolution of the initially
chirped Pearcey Gaussian beam with different linear
potential parameters, and the results are shown in
Figs. 6, 7.

In Fig. 6a3, the initial Pearcey Gaussian beam prop-
agates along a straight line with sidelobe on the left
when the effect of chirp is not considered. Additionally,

Fig. 6 Transmission evolution of the Pearcey Gaussian beam with chirp. Lévy index α=1, linear potential parameters:
a β = 0, b β = 3, c β = 5, distribution factor χ0 = 0.1. And the chirp parameters C from left to right are − 1.2, − 0.8, 0,
0.8, and 1.2
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Fig. 7 Peak intensity of the Pearcey Gaussian beam with chirp. a Chirp parameters C = −0.8, 0, 0.8, b Chirp parameters
C = −1.2, 0, 1.2

the transmission direction of the sidelobe is the same as
that of the main lobe, and the main energy of the beam
is concentrated on the main lobe of the beam and the
direction of the sidelobe in the direction of the main
lobe. Due to the positive chirp, the main lobe and the
sidelobe propagate in opposite directions, as shown in
Fig. 6a4, a5, where the main lobe of the beam starts
to propagate in a straight line in the right direction.
The negative chirp is the exact opposite of the positive
chirp. In Fig. 6a1, a2 the main lobe transmits in the
left direction and the sidelobe in the right direction,
and both plots also show that the beam has traveled a
short distance before splitting.

When the beam is transmitted with the linear poten-
tial, the Pearcey Gaussian beam no longer splits but is
transmitted in the shape of a zigzag periodically. In
Fig. 6b3, c3, the beam has an essentially uniform dis-
tribution during transmission. However, in each cycle,
the first half of the energy is weakened and the sec-
ond half is strengthened when C > 0 in Fig. 6b4, b5,
c4, c5. While C < 0, the trend is reversed with posi-
tive chirp, the beam intensity at the former half of one
period always gets enhanced and the latter half of one
period always diminishes in Fig. 6b1, b2, c1, c2. In addi-
tion, the light intensity becomes weaker as the absolute
value of the chirp parameter increases (see Fig. 6b1,
b5). This phenomenon diminishes when the effect of
the linear potential is larger, compared to Fig. 6b1 with
Fig. 6c1, b5 with Fig. 6c5. Taken together, the sign of
the linear potential parameter determines the direction
of the input beam, while the chirp affects the energy
distribution of the beam.

To further investigate the effect of the initial chirped
Pearcey Gaussian beam on the propagation evolution,
Fig. 7 plots the variation of the peak intensity of the
beam during the propagation process. Comparing the
two sets of Fig. 7a, b, it can be intuitively concluded

that the larger the chirp, the lower the peak intensity.
Both figures show that in the absence of chirp, the
energy of the beam is almost uniformly distributed, but
the intensity of the beam in the second half of a period
is always enhanced with the positive chirp parameter;
in the first half of a period, the negative chirp parame-
ter is enhanced. In addition, the peak intensity maxima
at positive and negative chirps are essentially the same.
This is consistent with the findings in Fig. 6. Therefore,
chirp can control the energy of the beam well and has
important applications for beam control.

4 Conclusions

In this paper, the dynamics of Pearcey Gaussian beams
in the fractional Schrödinger equation with linear
potential are studied. As the Lévy index increases, the
Pearcey Gaussian beam produces self-reflection phe-
nomena without linear potential, and the diffraction
effect increases. When the linear potential is considered,
the transmission path of the Pearcey Gaussian beam
has a zigzag shape, and the diffraction effect increases
with the increase in the Lévy index. The oscillation
period of the Pearcey Gaussian beam decreases with
the increase in the linear potential, and the symbol of
the linear potential parameter determines the propa-
gation direction of the initial beam. The negative chirp
parameter always enhances the intensity of the beam in
the first half-period, while the positive chirp parameter
always enhances the intensity of the beam in the second
half-period. The higher the absolute value of the chirp
parameter, the lower the peak intensity. These proper-
ties have potential applications in optical switching and
optical control.
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